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1. Introduction

The Minimal Supersymmetric Standard Model (MSSM), and its natural extension into

SUSY GUTs, provides perhaps the most compelling viable extension of the Standard Model

[2, 3]. Supersymmetric models can stabilize the hierarchy between the electroweak and

Planck scales, and also successfully incorporate gauge coupling unification [4]. One can

further hope that the correct theory of supersymmetry breaking explains the small scale
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of breaking via a dynamical mechanism [5], so that the weak scale is not only radiatively

stable, but is also explained in a theory with no (very) small dimensionless parameters.

From the top down, supersymmetric GUTs have seemed very natural in the context

of heterotic string theory [6]. It has been known for some time that explicit models with

pseudo-realistic matter content can be constructed in this framework; the state of the art

models are presented in e.g. [7]. In the heterotic M-theory framework [8], one can also

accommodate gauge-gravity unification in a fairly natural way [9].

One missing ingredient in many of the stringy constructions has been an explicit model

of supersymmetry breaking. In the old heterotic framework, one fruitful approach was to

simply parameterize the SUSY breaking by assuming (without microphysical justification)

that the dominant SUSY-breaking F-term arises in the dilaton or a given modulus mul-

tiplet. Then, using the structure of the low-energy supergravity, one can work out the

patterns of soft terms in different scenarios [10]. More recently, type II flux vacua with

intersecting D-branes have become a popular arena for phenomenological constructions as

well [11]. In these models, the fluxes generate calculable SUSY breaking F-terms in various

circumstances [12 – 14, 1]. A full model of the soft terms must necessarily also solve the

problem of moduli stabilization; by now there exist type IIB and type IIA constructions

where this problem is solvable [15 – 19]. In all such constructions, of course, one must fine-

tune the cosmological constant after SUSY breaking. This tune has always been performed

in the phenomenological literature by a shift of the constant term in the superpotential W ,

and the flux discretuum [20] seems to microphysically allow the same procedure in string

theory.1

One notable problem with the soft-terms induced by the fluxes is that their natural

order of magnitude is typically only suppressed from the string scale by a few powers of the

Calabi-Yau radius. While this may lead to suitable soft-terms in models with significant

warping [21, 22] or with a low string scale, both of these solutions destroy one of the main

attractive features of supersymmetry – its natural connection to grand unified models.

In this paper, we describe some simple pseudo-realistic string constructions, which

incorporate both a toy model of the MSSM or a SUSY GUT, and also incorporate a

sector which accomplishes dynamical SUSY breaking (for early attempts in this direction,

see e.g. [23]). It will be clear that our basic setup is sufficiently modular that one can

view the MSSM/GUT sector as a “black box,” and could presumably improve the realism

in that sector without disturbing the basic mechanism of SUSY breaking or mediation.

We give two classes of constructions: one based on the so-called “non-calculable” SUSY

breaking models of [24, 25], and another based on the recent insight that there are plentiful

examples of simple quiver gauge theories which exhibit dynamical supersymmetry breaking

(DSB) [26], and which can be easily embedded in Calabi-Yau compactification. By tuning

closed-string parameters (in particular, choices of background flux), we will argue that one

1Since in realistic models incorporating the MSSM or its extensions, the primordial scale of SUSY

breaking is always ≤ 1011 GeV, the required constant in W is always parametrically small relative to the

Planck or string scale. This can be viewed as a “bottom up” motivation for the small W0 tune which is

performed in many models of moduli stabilization [15], where the same tune allows one to stabilize moduli

in a calculable regime.
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can find in each case two different regimes: one regime where the dominant mediation

mechanism transmitting SUSY breaking to the Standard Model is gravity mediation, and

another where it is gauge mediation.

In different parts of the paper, we will use the language and techniques of heterotic

string model building and of F-theory (or IIB string theory) constructions. A wide class

of 4d N = 1 models admit dual heterotic and F-theory descriptions, and we simply use

whichever description is more convenient in a given circumstance. In many cases, one

should be able to use the dictionary of [27] to translate back and forth. Because most

of the models of supersymmetry breaking in the string literature have involved gravity

mediation, in section 2 we briefly review some elementary phenomenology, explaining the

chief differences between gravity and gauge mediation. In section 3, we recall basic features

of the “non-calculable” models of DSB [24, 25] and give examples where these can be

embedded into string theory along with a toy-model of a SUSY GUT. In section 4, we

briefly review the construction of SUSY breaking quiver gauge theories in non-compact

Calabi-Yau manifolds [26]. We turn to the embedding into a compact geometry containing

both a toy-model SUSY GUT and a SUSY breaking sector in section 5, while in section 6

we construct compact models incorporating a SUSY breaking sector and the MSSM-like

theory of [28] (presumably, similar constructions could be given incorporating the semi-

realistic models of [29, 30] or other attempts at constructing the SM on intersecting branes

or branes at singularities). In a concluding section, we describe several promising directions

for further research.

We should state clearly at the outset that our “semi-realistic” explicit constructions

are not close to being fully realistic. However, it seems clear that systematic further work

along these lines could produce increasingly realistic models. Similarly, the constructions

even at this level of realism are rather complicated, and many issues beyond those which

we discuss (related to both gauge theory model building and to moduli stabilization) could

be explored in each toy model. We will explicitly point out our assumptions, and our

justification for making these assumptions, at various points in the text.

2. Gauge mediation versus gravity mediation

In gauge mediated models of SUSY breaking, SUSY is broken in a hidden sector with gauge

group GH . The SUSY breaking in the hidden sector leads to splittings for a vector-like set

of messenger chiral multiplets φ̃i, φi, which carry Standard Model gauge charges. Standard

Model gauge interactions then lead to a one-loop gaugino mass and a two-loop mass2 for

the other sparticles. In many models, the φi are neutral under GH but are coupled to the

SUSY breaking by additional gauge singlets; in other models of “direct mediation,” the φi

can be charged under GH . Some classic references include [31 – 33].

The primary virtue of models of gauge mediation is that they solve the SUSY flavor

problem, the problem of why the soft-breaking terms do not introduce new sources of

flavor violation which violate present experimental bounds. The fact that gauge mediation

generates e.g. universal squark masses is clear, because the only coupling of the squarks

to the messengers occurs through (universal) gauge interactions. While a similar slogan
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might naively be applied to gravity mediation, in fact it has been understood that generic

gravity mediated models do not enjoy such universality. Suppose, in such a scenario, X is

the modulus whose F-term breaks SUSY, and Qi denote generic SM fields with i running

over generations. Then, couplings of the form

K =

∫
d4θ

ci

M2
P

X†XQ†
iQi + · · · (2.1)

in the Kähler potential exist in generic models. In string constructions, they arise by inte-

grating out massive fields to write down the 4d effective Lagrangian. These operators occur

with different O(1) coefficients ci, and generally yield non-universal squark masses.2 From

an effective field theory perspective, this failure of universality is easily understood [34]:

gravity mediation is sensitive to Planck-scale physics, and the physics of flavor (which is

presumably determined by the geometry of the compactification manifold) is visible to the

massive fields which are integrated out to yield (2.1).

In gauge mediated models, on the other hand, one begins with an effective superpo-

tential

W = φ̃iXφi + WMSSM (2.2)

where X is a spurion superfield whose vev

X = M + θ2F (2.3)

both gives the messengers a mass, and breaks supersymmetry. One can think of (2.2) as

an effective theory that parameterizes the piece of hidden sector physics relevant to the

Standard Model; only the φi are charged under SU(3)×SU(2)×U(1), so one can “integrate

out” the hidden sector, parameterizing its effects via (2.2), (2.3). A standard analysis [33]

then yields the sparticle masses and A-terms in terms of F/M and the “messenger index”

N (basically, the number of messenger fields). Very roughly, one finds squark and slepton

masses m2
Q ∼ α2F 2/M2 and gaugino masses mλ ∼ αF/M ; we shall describe the results in

more detail for our particular toy models in later sections.

The messenger fields are charged under the Standard Model, and contribute to running

of the gauge couplings above their mass M . Hence, in gauge mediated models, one finds a

shifted value of the unified gauge coupling:

δα−1
GUT = − N

2π
ln

MGUT

M
(2.4)

where

N =
∑

i

ni (2.5)

and ni is twice the Dynkin index of the observable sector gauge representation ri of the ith

messenger. One can determine the maximal value of N (consistent with weakly coupled

unification) as follows.

2Exceptions exist: for instance, dilaton domination in the weakly coupled heterotic string, can yield

universal soft masses [10].
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If one wants αF/M ∼ TeV, it follows one should take F/M ∼ 10− 100 TeV. Then, for

the highest F-term consistent with dominance of gauge mediation over gravity mediation

F ∼ (1010GeV)2, one would have M ∼ 1015 GeV. Perturbativity of gauge interactions

requires

N ≤ 150/ln
MGUT

M
. (2.6)

Hence, as the messenger scale and SUSY-breaking F-term increase, one is allowed a rather

large number of messengers. However, phenomenological considerations (such as the desire

to avoid a gravitino problem, in addition to the need to keep the relative significance of the

gravity mediated contribution sufficiently small) generally favor F terms below 1010 GeV,

and a correspondingly smaller number of messengers. For M = 1010 GeV one obtains a

bound on N of about 10 (which would correspond to five 5 + 5 pairs if the SM is embedded

in an SU(5) GUT; for purposes of discussion we will always assume this) [33].

2.1 Strategy for embedding into string theory

Perhaps the most obvious place to try and construct a GUT model with supersymmetry

breaking would be the strongly coupled heterotic string. Indeed, some of our toy models

will have an explicit heterotic realization. However, we will also provide a dual F-theory

description; in the F-theory formalism, the physics which controls moduli stabilization is

better understood, since simple ingredients like NS and RR fluxes which generate potentials

in type II strings, dualize to rather intractable ingredients in the heterotic theory.

It is well known that heterotic string compactifications on elliptically fibered Calabi-

Yau n-folds, are dual to F-theory (type IIB) models on K3-fibered Calabi-Yau (n+1)-folds.

For n = 1, this was described in [35], while a detailed map for n = 2 was provided in [36].

For n = 3 the story is considerably more involved, but some important aspects involving

nontrivial gauge bundles (relevant for constructing GUT models) were worked out in a

series of papers by Friedman, Morgan and Witten [27]. It is important to note that many

of the pseudo-realistic heterotic models constructed by the Penn group (see [37] and refs

therein) involve the spectral cover construction on elliptic threefolds, and hence fall squarely

into the class of constructions which admit dual F-theory descriptions. Because it will be

easier to use the F-theory description to also make a model of gauge mediation in the later

sections of this paper, we will mostly stick to the D-brane/F-theory language.

So, we will try to engineer a hidden SUSY breaking sector on a stack of D-branes in

F-theory. The grand unified extension of the Standard Model or brane MSSM, will live

in different constructions on either a stack of D7-branes (dual to one of the heterotic E8

walls, in some cases), or D3-branes at a singular point in the Calabi-Yau space. SUSY will

be broken non-perturbatively at the dynamical scale of the hidden sector gauge theory,

ΛH . This can quite naturally be a scale which is parametrically low compared to MP . The

detailed geometries which accomplish this are discussed in later sections.

Transmission to the standard model. The dominant interactions which transmit

SUSY breaking to the observable sector, will depend on the distance between the hidden

and observable brane stacks. In the F-theory construction, there are complex structure
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moduli of the Calabi-Yau fourfold which control the brane positions. These can be inter-

preted as e.g. singlets or adjoints in the D7-brane gauge theory.3 These singlets or adjoints

are generically stabilized (i.e. given a mass) by background flux in the F-theory descrip-

tion [38]. Depending on where in their moduli space the D7 adjoints are stabilized, the

distance d between the SUSY breaking and observable sector brane stacks will vary. For

flux choices which stabilize these stacks (i.e. the fourfold complex structure) in a regime

where
d

α′
= M ¿ Ms (2.7)

the dominant interaction between the brane stacks is via zero modes of open strings stretch-

ing between them. In four dimensions, the open strings are described by chiral fields φi, φ̃i

transforming in conjugate representations of the GUT gauge group. For example, if we

assume an SU(5) GUT coming from a stack of five D7-branes, φi, φ̃i transform in 5 ⊕ 5̄

representation of SU(5). The number of copies of the representations depends on the de-

tails of the hidden gauge group supported on the other D7-brane stack. In the effective

four dimensional language, these fields are messengers of gauge mediated supersymmetry

breaking. Hence, one obtains gauge mediation with messenger scale M equal to the mass

of the stretched strings.

To confirm the reasonableness of assuming flux stabilization in the parameter regime

(2.7), one could do a simple statistical analysis along the lines of [39]. Existing results

about similar mild tunes make it fairly clear that the regime (2.7) should be attainable

for the phenomenologically relevant range of values of M , but a more detailed statistical

analysis might be interesting.

If the D-branes have separation d such that

d

α′
À Ms, (2.8)

supersymmetry breaking is mainly communicated via zero modes of the closed strings.

This corresponds to gravity or moduli mediation. For d/α′ ∼ Ms, the D-branes stacks

have string scale separation. The four dimensional effective description breaks down since

the D-brane stacks interact via the whole tower of excited string oscillators. The super-

symmetry breaking from the hidden sector to our braneworld is “string mediated.” In

this way, string theory unifies different mechanisms of supersymmetry breaking in a single

string compactification. The mediation is primarily via gauge or gravitational interactions,

depending on the distance between the brane stacks.

3. Noncalculable models of supersymmetry breaking

The standard lore about SUSY breaking in the hidden sector of the heterotic string, involves

the assumption that hidden E8 gaugino condensation can be responsible for SUSY break-

3In perturbative heterotic string GUTs, adjoint representations cannot appear in gauge groups arising

from level 1 worldsheet current algebras. However in F-theory constructions, D3 and D7 brane gauge

theories can often contain adjoint matter fields. These generally dualize to non-perturbative sectors in the

heterotic theory. This raises the possibility of constructing D7 GUTs in F-theory with a more conventional

GUT-breaking mechanism replacing symmetry breaking by Wilson lines.
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ing. (More complicated models with “racetrack” potentials are also commonly discussed).

However, as argued convincingly in [40], and as is clear from analysis of the relevant effec-

tive potentials after the tree-level no-scale structure is broken (see e.g. [41, 42]), generically

hidden E8 gaugino condensation does not guarantee supersymmetry breaking. This is not

terribly surprising, since in the flat space limit gaugino condensation in N = 1 field the-

ory does not break supersymmetry. Here, and in subsequent sections, we describe some

examples where the hidden sector breaks supersymmetry even in the flat space limit, and

the embedding into string theory will not (in any model where closed-string moduli are

stabilized) relax the SUSY breaking F-term.4

3.1 Simple alternatives to the hidden E8

We would like to choose a simple mechanism of SUSY breaking that is easily embedded

into string theory. One of the lessons of [15, 16] is that it is possible to fix the geometrical

moduli of F-theory compactifications supersymmetrically. (As mentioned previously, the

small W0 assumed there can perhaps be thought of as the small constant W that will

be needed after SUSY breaking, to cancel the cosmological constant). We will therefore

assume that all Calabi-Yau moduli are fixed as in those papers with masses close to the

string scale (before any further ingredients which can yield dS vacua are considered), and

look for our SUSY breaking F-term elsewhere.5

Studies of dynamical SUSY breaking models in the mid 1980s yielded a particularly

simple class of models, often called “non-calculable models.” The simplest examples are

the SU(5) gauge theory with one generation of 5⊕ 10, and the SO(10) gauge theory with

one generation of 16. These models were found by the following logic. Consider an N = 1

supersymmetric gauge theory without flat directions at tree level, and with sufficiently little

matter content that it is expected to undergo confinement. ’t Hooft anomaly matching

for all global symmetries of the theory can then constrain the possible low-energy pion

Lagrangians which describe the theory in the IR. In some cases, the possible spectra that

saturate the anomalies (under the assumption that the symmetries are unbroken) are so

contrived-looking that it is implausible that the theory generates such composites; in such a

case, one must postulate that the global symmetries are broken in the IR. This means that

there must be Goldstone bosons. But unbroken supersymmetry would require that they be

complexified into full chiral multiplets whose scalar vevs are unconstrained. The existence

of suitable partners to complexify the Goldstones is very implausible in a theory without

tree-level flat directions. Hence, the theory must spontaneously break supersymmetry.

Following this logic, both the SO(10) gauge theory with a single 16 [25], and the SU(5)

gauge theory with a single 5⊕10, should be expected to exhibit dynamical supersymmetry

4In the paper [15], an anti-D3 brane in a warped background [43] is used to induce an exponentially

small scale of supersymmetry breaking. While for many purposes such models may be quite similar to

models incorporating dynamical supersymmetry breaking [44], the field theoretic description of the present

class of models is certainly more transparent. Of course, many other ways of accomplishing supersymmetry

breaking and yielding a positive contribution to the potential in the presence of moduli stabilization have

also been studied in detail by now.
5More precisely, the complex and dilaton moduli have masses which scale as α

′

R3 where R is the Calabi-

Yau radius; the Kähler moduli may have masses which are significantly smaller and W0 dependent.
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breaking. Further evidence that these theories do indeed dynamically break supersymmetry

was provided in [45] by adding vector-like matter multiplets and computing the Witten

index and vacuum structure. By now the case that SUSY breaking indeed occurs is quite

compelling. Many other such models exist, but these are the simplest cases and we will be

satisfied to use them for our toy constructions.

Comments on the possibility of additional matter. We should point out here that

in general, geometric engineering of the non-calculable models could also yield additional

nonchiral flavors in the 5 ⊕ 5 of SU(5), or the 10 of SO(10). Since these representations

are nonchiral, their appearance in the spectrum of fields with mass < Mstring will depend

on the full details of moduli stabilization. We note that even in the presence of such

fields, the supersymmetry breaking minimum persists [45]. Because they are vector-like,

one generically expects worldsheet instantons (in the heterotic description) and/or fluxes

to lift their masses to a relatively high scale. However, their presence below the GUT scale

can change the RG running of the hidden sector gauge coupling, and hence the scale at

which supersymmetry breaks.

3.2 Energy scales

The supersymmetry in the chiral SU(5) or SO(10) gauge theories is broken dynamically

with F-term of the order of F ∼ (ΛH/4π)2, where ΛH is the strong coupling scale of the

hidden gauge theory [46].

If the distance between the D7-brane stacks is much larger than the string length `s,

supersymmetry is gravity mediated. The masses of the MSSM sparticles are of order

ms ∼
F

MP
∼ Λ2

H

(4π)2MP
. (3.1)

For d < `s, supersymmetry breaking is predominantly mediated by open strings connecting

the D-brane stacks. This is a stringy description of gauge mediation, hence the sparticle

masses are ms ∼ α(F/M), where M is the mass of the open strings acting as messengers

of supersymmetry breaking.

Hence, from the knowledge of gauge coupling αH at the string scale and the matter

content of the hidden gauge group, we can estimate the scale ΛH at which the hidden gauge

group gets strongly coupled and breaks supersymmetry, and the masses of the sparticles.

At the string scale, the gauge couplings of the GUT and of the hidden gauge group are

approximately equal. One sees this most easily in the heterotic description of the models,

where this comes from the equality of the gauge couplings of the two E8’s of the E8 × E8

heterotic string theory. In the following discussion, we assume αH = αGUT ≈ 1/25 at

the string scale Ms = MGUT = 2 × 1016 GeV. At the end we discuss to what extent

this approximation is valid in the F-theory compactification constructed in the following

section.

The one-loop RG evolution of α = g2/4π is governed by

µ
dα−1

dµ
=

b

2π
, (3.2)
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where b in a supersymmetric gauge theory is b = 3C2(G) − C2(R). Evaluating this for

SU(5) with one generation of 5 ⊕ 10 gives6 b = 13. Hence the gauge theory becomes

strongly coupled at the scale

ΛH = MGUT exp(−2π/13αGUT ) ≈ 1011 GeV. (3.3)

We estimate the F-term using naive dimensional analysis [46] to be F ≈ (ΛH

4π )2 ≈ (1010

GeV)2.

For gauge mediation F ∼ (1010 GeV)2 is at the upper end of the range values for

the F-term for which gauge mediation dominates gravity mediation. This leads to sparticle

masses of ∼ TeV if the mass of the messenger particles is M ≈ 1015 GeV. This is the largest

M for which the flavor problem can plausibly be solved by gauge mediation (see [33,

eq. (2.44)]). The messengers are open strings stretched between the two stacks of D7-

branes. If the branes are separated by distance l, the messenger mass is M = 2πl/gs`
2
s.

Assuming `s = M−1
s ≈ (2×1016GeV)−1 the messenger mass of M = 1015 GeV corresponds

to interbrane separation of l = 10−2gs`s.
7

In gravity mediation, this would lead to sparticle masses of the order of ms ∼ F
MP

∼
10−1 TeV or less, which is a bit low (as it should be, for the gauge mediated contribution

to dominate the mass squared matrix for the squarks). For gravity mediation, we would

prefer F ∼ (1011 GeV)2. This actually might be the case because the hidden gauge group

might be more strongly coupled than the GUT gauge group at the string scale, as we

discuss later.

As we said, M ∼ 1015 GeV is at the high end of the allowed range for gauge mediation.

A scenario which would lead to lower M with essentially the same physics, is to imagine

that there are some additional 5⊕ 5 pairs which are present in the sigma model tree-level

spectrum and receive a mass only from worldsheet instantons. Such extra vector-like states

are quite common in heterotic constructions; their presence or absence depends on the full

details of the point in moduli space chosen to study a given model. The presence of n extra

pairs would reduce b to 13−n for some portion of the RG running starting from the GUT

scale, and hence decrease ΛH .

The SO(10) gauge theory with one chiral matter multiplet in the 16 has8 b = 22, so the

gauge theory gets strongly coupled at a higher scale ΛSO(10) = MGUT exp(−2π/22αGUT ) ≈
1013 GeV. The masses of the sparticles due to gravity mediation of supersymmetry alone

are ∼ 103 TeV which is rather high. The additional contribution to sparticle masses from

gauge mediation would make the masses even larger. To make even a realistic model of

gravity mediation with this hidden sector, one would need to invoke the assumption of

some extra 10’s of SO(10) with intermediate scale masses, to lower ΛH .

In the above discussion, we neglected that the hidden gauge group may actually be

more strongly coupled than the GUT gauge group at the string scale. In the heterotic

6Here we use that C2(SU(5)) = 5, C2(5) = 1/2 and C2(10) = 3/2.
7We have neglected the contribution of the messengers to the running of the hidden sector gauge coupling

in computing ΛH , since they decouple almost immediately given the high value of M . Including their effects

would lower ΛH slightly.
8This follows from the SO(10) values of C2(SO(10)) = 8, C2(16) = 2.
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description, which at finite string coupling can be viewed as a compactification of M-

theory on a Calabi-Yau manifold times an interval, this is a consequence of embedding the

GUT symmetry into the larger of the two end of the world-branes. The other world-brane

has smaller volume because of the warping along the interval. But the gauge couplings

are inversely proportional to the volumes of the world-branes α = `6
11/V , where `11 =

(4πκ2
11)

1/9 is the eleven-dimensional Planck length. Hence, the hidden gauge group is more

strongly coupled at the string scale by a factor of VGUT /VH .

In the F-theory picture, the gauge symmetry comes from two stacks of D7-branes. The

inverse gauge couplings of the observable and hidden sectors, are controlled by the volumes

of the two divisors that the stacks wrap, which are two different sections of the IP1 fibration

of the base of the Calabi-Yau fourfold. The homology classes of the divisors cut out by the

two sections differ by the class of a IP1 fibration over some curve η in the base. Hence, the

volumes of the two sections differ by an amount that grows with the size of the IP1 fibre.

In our example, the GUT symmetry comes from the divisor with larger volume.

One of the implications of this is that we can increase the strength of supersymmetry

breaking effects by stabilizing the IP1 fibres at larger volume. With larger IP1 fibres,

the hidden gauge group comes from a divisor with a smaller volume compared to the

volume of the GUT divisor, hence it is more strongly coupled and dynamically breaks

supersymmetry at a higher scale. In the one generation SU(5) model, this effect could

increase the supersymmetry breaking F-terms to the intermediate scale 1011 GeV preferred

in the gravity mediated SUSY breaking solution to the hierarchy problem. The SO(10)

model of a hidden sector leads to a somewhat high scale of SUSY breaking if αH = αGUT

at the string scale. Increasing the volume of the IP1 would only exacerbate this problem.

For gauge mediation, both the gravitino problem and the dominance over gravity me-

diation prefer a lower scale of supersymmetry breaking with F ∼ (1010GeV)2 being at

the upper end of the allowed values. So while these models provide simple toy models

where one can compare the strength of gauge and gravity mediation, with gauge mediation

marginally winning in one case (and winning clearly if there are extra vector-like represen-

tations of the hidden sector gauge group at intermediate masses), a clear next step would

be to identify analogous hidden sectors which are easy to engineer and give rise to much

smaller ΛH .

3.3 Some stringy embeddings

Following the above discussion, we will construct heterotic models with a three generation

SU(5) GUT sector and a one generation SU(5) hidden sector.

Consider heterotic E8×E8 compactifications on smooth Weierstrass models π : Y → S.

The base S is a del Pezzo surface. We would like to construct a background bundle V1×V2

on Y so that both V1 and V2 are stable SU(5) bundles and the following conditions are

satisfied

I) V1, V2 yield one and respectively three generations i.e.

ch3(V1) = ±1, ch3(V2) = ±3. (3.4)
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II) Anomaly cancellation:

c2(V1) + c2(V2) + Λ = c2(Y ) (3.5)

where Λ is an effective curve on Y which supports background heterotic fivebranes

[47 – 49]. Motivated by Kähler moduli stabilization, we would like to impose an

additional condition on the fivebrane class Λ. Suppose Λ has a decomposition

Λ = Ξ + N5E ,

where Ξ is a horizontal curve on Y contained in the image of the canonical section

σ : S → Y , E is the elliptic fiber and N5 is a non-negative integer. Note that Ξ can

be naturally identified to an effective curve on S. Then we impose

III) The connected components of Ξ are smooth irreducible (−1) curves on S.

We will discuss the relation between this condition and Kähler moduli stabilization in

subsection 3.10.

Ideally one would like to construct both V1, V2 in terms of spectral data [27, 50, 51],

but this approach may be too restrictive, given the constraints (I)−(III) above. In fact V2

will be indeed constructed in terms of spectral data, but not V1, which will be constructed

by extensions. Let us first review some aspects of the spectral cover construction.

3.4 Spectral covers

There is a one-to-one correspondence between bundles V → Y , flat and semistable along

the elliptic fibers, and spectral data (C,N ). C is an effective divisor on Y flat over S, and

N is a torsion free rank one sheaf on C [27, 50, 51]. In order to construct the bundle V in

terms of spectral data (C,N ), first take the fiber-product

T = C ×S Y ⊂ Y ×S Y .

Let pC , pY denote the canonical projections onto the two factors and πT : T → S denote

the projection to S. Note that we have three natural divisor classes ∆, σ1, σ2 obtained by

restriction from Y ×S Y . ∆ is the restriction of the diagonal, and σ1, σ2 are restrictions of

the canonical sections σ1 = σ ×S Y , σ2 = Y ×S σ. The relative Poincaré line bundle on

Y ×S Y is defined by

P = O(∆ − σ1 − σ2) ⊗ π∗
SKS (3.6)

where πS : Y ×S Y → S denotes the natural projection. Then V is given by the push-

forward

V = pY ∗ (p∗CN ⊗P|T ) (3.7)

The topological invariants of V are determined by the linear equivalence class of C and the

Chern class of N . In particular, if the class of C is of the form

C = nσ + π∗η (3.8)

with η a divisor class on S, V will have rank n.
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Suppose C is irreducible and meets the section σ along an effective curve F ⊂ S. Then

we have OT (σ1) ' p∗COC(F ). Moreover, the only generic line bundles on C are OC(F ) and

line bundles pulled back from S. Therefore a generic bundle V will be of the form

V = pY ∗ (OT (∆ − σ2) ⊗ p∗C(OC(−aF )) ⊗ π∗
TM) (3.9)

for an integer a, and a line bundle M on S. Following [50], we will denote by Vn,a[M] a

rank n bundle of the form (3.9) and by Vn,a a bundle of the form (3.9) with M ' OS .

Note that Vn,a[M] ' Vn,a ⊗ π∗M.

The Chern character of a bundle of the form Vn,a[M] is given by [50] (Thm. 5.10)

ch (Vn,a[M]) =

[
e−η

(
1 − e(a+n)c

1 − ec

)
− 1 − eac

1 − ec
+ e−σ(1 − e−η)

]
· ec1(M) (3.10)

where c = π∗c1(S). In particular we have

ch1 (Vn,a[M]) = −(n + a − 1)η +

[
an +

n2 − n

2

]
c1(S) + nc1(M)

ch3 (Vn,a[M]) =
1

2
(σ2η + ση2) − σηc1(M). (3.11)

For future reference, note that for a bundle of the form Vn,a[M], the spectral line bundle

N in (3.7) is of the form

N ' OC((1 − a)F ) ⊗ π∗(K−1
S ⊗M)

'
(
OY ((1 − a)σ) ⊗ π∗(K−1

S ⊗M)
)
|C . (3.12)

According to [50] (Thm.7.1) if C is irreducible it follows that V is stable with respect

to a polarization of the form

J = εJ0 + π∗H (3.13)

where J0 is a fixed ample class on Y , H is an ample class on S, and ε is a sufficiently

small positive number. Sufficient criteria for the spectral cover to be irreducible have been

formulated in [48, 52, 47, 49, 53]. They show that C is irreducible if

i) |η| is a base point free linear system on S, and

ii) η − nc1(S) can be represented by an effective curve on S.

By Bertini’s theorem, the first criterion is satisfied if η is ample on S, which in turn amounts

to the numerical condition

i’) η · ζ ≥ 0 for all generators ζ of the Mori cone of S.

We will make heavy use of these criteria later in this section. In order to construct the

hidden sector bundle we have to invoke a generalization of the above formalism dealing

with reducible spectral covers.

3.5 Reducible spectral covers and extensions

Let assume now that C is a reducible spectral cover with two smooth reduced irreducible

components

C = C′ + C′′ (3.14)
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intersecting along a smooth irreducible curve C = C′ ∩ C′′. The two components are

equipped with spectral line bundles N ′,N ′′ so that the restrictions N ′|C ,N ′′|C are iso-

morphic. Note that if we choose an isomorphism φ : N ′|C → N ′′|C , the data (N ′,N ′′, φ)

determines a line bundle N on the reducible spectral cover C.

Following [54, section 5.1] to any such spectral data (C,N ) we can associate a set

(D,Q) of gluing data. D is a vertical divisor on Y constructed by projecting C to the base

S, and then taking the inverse image, D = π−1(π(C)). Let D denote the intersection of

the fiber products C′ ×S Y and C′′ ×S Y in Y ×S Y . Note that we have natural projections

pD : D → D and πD : D → C. We can use πD to pull back the restriction of N ′ (or

equivalently N ′′) to D, obtaining a line bundle on D which will be denoted by π∗
DN . Then

Q is defined by the following push-forward formula

Q = pD∗ (π∗
DN ⊗P|D) . (3.15)

According to [54, section 5.1] the bundle V → Y corresponding to the spectral data

(C,N ) is given by the following elementary modification

0 → V → V ′ ⊕ V ′′ → Q → 0 (3.16)

where Q is regarded as a torsion sheaf on Y supported on D.

We will be interested in a special case of this construction when C′ = σ with multiplicity

1, and C′′ is a smooth irreducible component which intersects σ along a smooth curve C.

Note that in this case, C is identical to the curve F for C′′, which was introduced below (3.8).

Moreover, we take both N ′ and N ′′ to be restrictions of a line bundle N on Y of the form

(3.12). In particular, N ′ ' K−a
S ⊗M. This case was treated in detail in [50, section 5.7].

The bundle V ′ is isomorphic to π∗(K−a
S ⊗ M) and the elementary modification (3.16)

reduces to

0 → V → π∗(K−a
S ⊗M) ⊕ V ′′ → π∗(K−a

S ⊗M)|D → 0. (3.17)

As explained in [54, section 5.1], the elementary modification (3.17) has moduli pa-

rameterized by the linear space

Ext1(V ′(−D), V ′′) ⊕ Ext1(V ′′, V ′(−D)) (3.18)

up to C∗ identifications. The first direct summand in (3.18) parameterizes extensions of

the form

0 → V ′(−D) → V → V ′′ → 0 (3.19)

while the second direct summand in (3.18) parameterizes extensions of the form

0 → V ′′ → V → V ′(−D) → 0. (3.20)

In particular this shows that the bundle V is a deformation of the direct sum V ′(−D)⊕V ′′.

For future reference note that

V ′(−D) ' π∗(K−a
S ⊗M⊗OS(−F )). (3.21)

– 13 –



J
H
E
P
0
2
(
2
0
0
6
)
0
2
0

Summarizing this discussion, it follows that we can construct a more general class of

bundles on Y associated to reducible spectral covers by taking extensions. In order for

this construction to be useful in physical applications, we would like to have a stability

criterion for bundles of this form. Fortunately, such a criterion has been formulated in

[48, 47, 49, 53]. Given an extension of the form

0 → E′ → E → E′′ → 0 (3.22)

where E′, E′′ are stable bundles corresponding to irreducible spectral covers, E is stable if

a) the extension (3.22) is not split, and

b) µJ(E′) < µJ(E), where the slope µJ of a bundle E is defined by

µJ(E) =
c1(E) · J2

rk(E)
.

Here by stability we mean stability with respect to a polarization of the form (3.13) with

sufficiently small ε > 0.

This is all the formal machinery we will need, so we can turn to the explicit construction

of bundles.

3.6 The GUT bundle

Let us first construct the GUT SU(5) bundle V2. The spectral cover construction suffices

in this case. From now on we take the base S to be the del Pezzo surface dP8. Pick a

spectral cover C in the linear system

|5σ − 6π∗KS |

which implies η = 6c1(S). Take V2 to be a bundle of the form V5,1[K
−3
S ]. Then, using

formulas (3.11) a straightforward computation shows that

ch1(V2) = 0, ch3(V2) = −3 (3.23)

in agreement with (3.4). Note that the stability criteria (i′), (ii) formulated below (3.13)

are automatically satisfied because η = 6c1(S) is very ample on S. Therefore V2 is stable

and has three generations.

3.7 The hidden sector bundle

In this case we have not been able to find an irreducible spectral cover construction satisfy-

ing conditions (I)−(III). We will however construct an SU(5) bundle V1 with the required

properties using a reducible spectral cover and extensions as explained in section 3.5.

Let us consider a reducible spectral cover of the form (3.14) with C′ = σ and C′′ a

smooth irreducible divisor in the linear system

|4σ − π∗(6KS + Γ)|
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where Γ is a smooth irreducible (−1) curve on S. For example we can take Γ to be any

generator of the Mori cone of S. Recall [37] that the Mori cone of S = dP8 is generated by

the 240 (−1) curve classes

ei, h − ei − ej , 2h − ei − ej − ek − el − em,

3h − 2ei − ej − ek − el − em − en − Eo,

4h − 2(ei + ej + ek) −
5∑

s=1

ems
,

5h − 2

6∑

s=1

ems
− ek − el, 6h − 3ei − 2

7∑

s=1

ems
, (3.24)

where h is the hyperplane class and ei, i = 1, . . . , 8 are the exceptional curve classes. The

indices i, j, k, l,m, n, o,ms in (3.24) are pairwise distinct and take values from 1 to 8. We

will denote by η′′ = −6KS − Γ = 6c1(S) − Γ.

One can check that that C′′ is indeed irreducible using the criteria (i′), (ii) below

equation (3.13). We have to check that η′′ ·ζ ≥ 0 for any of the generators ζ listed in (3.24).

This follows by direct computations. Moreover, if Γ is any of the Mori cone generators,

one can check that the class η′′ − 4c1(S) = 2c1(S) − Γ is again a generator. Therefore

η′′ − 4c1(S) = F is an effective (−1) curve class on S.

We pick the spectral line bundles N ′,N ′′ to be the restrictions of a line bundle of the

form

N = OY ((1 − a)σ) ⊗ π∗(K−1
S ⊗M) (3.25)

to C′ and respectively C′′. Then we find

N ′ = K−a
S ⊗M, N ′′ = OC′′((1 − a)F ) ⊗ π∗(K−1

S ⊗M). (3.26)

The bundles V ′, V ′′ determined by the spectral data (C′,N ′), (C′′,N ′′) are

V ′ ' π∗(K−a
S ⊗M), V ′′ ' V4,a[M] (3.27)

where the bundles Vn,a[M] have been defined below equation (3.9). Note that both V ′, V ′′

are stable with respect to a polarization of the form (3.13) since C′, C′′ are irreducible.

The rank 5 bundle V associated to the reducible spectral data (C,N ) is determined

by an elementary modification of the form (3.17). Let us first compute the Chern classes

of ch1(V ), ch3(V ) using formulas (3.11). For the purpose of this computation, we may

assume that V5 is a direct sum V ′(−D)⊕ V ′′ since the Chern classes do not change under

deformations. Then we obtain

ch1(V ) = π∗
[
(5a + 6)c1(S) − (a + 3)η′′ + 5c1(M) − F

]

ch3(V ) =
1

2
η′′(η′′ − c1(S) − 2c1(M)), (3.28)

where we have used the isomorphism OY (−D) ' π∗OS(−F ). Substituting η′′ = 6c1(S)−Γ

and F = 2c1(S) − Γ in (3.28), we obtain

ch1(V ) = 5c1(M) − (a + 14)c1(S) + (a + 4)Γ

ch3(V ) =
1

2
(18 − 12c1(S) · c1(M) + 2Γ · c1(M)). (3.29)
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Note that choosing

a = −4, M ' K−2
S , (3.30)

we obtain

ch1(V ) = 0, ch3(V ) = −1 (3.31)

in agreement with the condition (I).

Next we have to check stability using criteria (a), (b) in the previous subsection. Let

us first compute the extension moduli (3.18). We start with

Ext1(V ′′, V ′(−D)) = H1((V ′′)∨ ⊗ V ′(−D)).

This cohomology group can be computed using the Leray spectral sequence

Hp(S,Rqπ∗((V
′′)∨ ⊗ V ′(−D))) ⇒ Hp+q((V ′′)∨ ⊗ V ′(−D)). (3.32)

Since V ′(−D) is pulled back from S according to equation (3.27), the left hand side of (3.32)

can be simplified to

Hp(S,Rqπ∗(V
′′)∨ ⊗ K−a

S ⊗M⊗OS(−F )). (3.33)

Note that only terms with (p, q) = (0, 1), (1, 0) can occur in the computation of H1. The

direct images Rqπ∗(V
′′)∨ for a stable spectral cover bundle have been computed for example

in [55, section 2.1]. We have

R0π∗(V
′′)∨ = 0, R1π∗(V

′′)∨ ' KF ⊗N−1|F ⊗ K−1
S |F . (3.34)

Note that R1π∗(V
′′)∨ is a torsion sheaf on S supported on F . Therefore we are left with

H1((V ′′)∨ ⊗ V ′(−D)) ' H0(F,KF ⊗N−1|F ⊗ K−1−a
S |F ⊗M|F ⊗OF (−F )). (3.35)

Equation (3.25) implies

N−1|F ' Ka
S |F ⊗M−1|F .

Substituting this relation in (3.35) we obtain

H1((V ′′)∨ ⊗ V ′(−D)) ' H0(F,KF ⊗ K−1
S |F ⊗OF (−F )). (3.36)

Since F ' IP1 is a smooth (−1) rational curve on S we have

K−1
S |F ' OIP1(1), OF (−F ) ' OIP1(1), KF ' OIP1(−2).

Therefore (3.36) reduces to

H1((V ′′)∨ ⊗ V ′(−D)) ' H0(IP1,OIP1) = C. (3.37)

This shows that up to isomorphism we have a unique nontrivial extension of the form

0 → V ′(−D) → V → V ′′ → 0. (3.38)
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One can similarly compute

Ext1(V ′(−D), V ′′) ' H0(IP1,OIP1(−2)) = 0,

therefore there are no nontrivial extensions of the form

0 → V ′′ → V → V ′(−D) → 0.

In conclusion, taking into account (3.30), we are left with a unique bundle V2 defined by

the unique nontrivial extension

0 → π∗(K2
S ⊗OS(−F )) → V2 → V4,−4[K

2
S ] → 0. (3.39)

According to criterion (b) stated below (3.22), in order to show that V is stable, it

suffices to check that

µJ(π∗(K2
S ⊗OS(−F ))) < µJ(V ).

Since ch1(V2) = 0, we have µJ(V2) = 0. For a polarization of the form (3.13) we have

µJ(π∗(K2
S ⊗OS(−F ))) = π∗(−4c1(S) + Γ) · (ε2J0 + 2επ∗H).

Note that (4c1(S) − Γ) is an effective curve class on S, and H is ample on S, therefore

(−4c1(S) + Γ) · H < 0.

Then we can satisfy the criterion by taking ε > 0 sufficiently small.

3.8 Heterotic fivebranes

In order to complete the description of the model, we have to compute the heterotic five-

brane class Λ and check that it is effective. Using formula (3.10), it is straightforward to

compute

ch2(V1) = π∗ch2(K
2
S ⊗OS(−F )) + ch2(V4,−4[K

2
S ])

= 5E − σπ∗(6c1(S) − Γ),

ch2(V2) = 5E − 6σπ∗c1(S)

where E is the class of the elliptic fiber on Y . Therefore we obtain

c2(V1) + c2(V2) = σπ∗(12c1(S) − Γ) − 10E.

The second Chern class of Y is

c2(Y ) = 12σπ∗c1(S) + (c2(S) + 11c1(S)2)E

= 12σπ∗c1(S) + 22E.

Therefore equation (3.5) yields

Λ = σπ∗Γ + 32E, (3.40)

which is effective. Note that in addition to vertical fivebranes wrapping the elliptic fiber,

we have a horizontal fivebrane wrapping the (−1) curve Γ in the base.
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3.9 F-theory interpretation

We conclude this section with a brief discussion of the F-theory dual models. Let us first

recall some aspects of heterotic F-theory duality following [56, 36, 57] and [27, section

6.1]. Suppose we have a heterotic model given by two stable bundles V1, V2 on a smooth

Weierstrass model π : Y → S corresponding to smooth irreducible spectral covers C1, C2.

First we assume that the anomaly cancellation condition (3.5) is satisfied in the absence of

horizontal fivebranes, that is the class Ξ introduced below (3.5) vanishes. This means that

the two classes η1, η2 associated to the spectral covers satisfy

η1 + η2 = 12c1(S). (3.41)

Let us write

η1 = 6c1(S) − t, η2 = 6c1(S) + t, (3.42)

where t is a divisor class on S. Let T be a line bundle on S with c1(T ) = −t.

For our purposes it suffices to consider take the structure groups of V1, V2 to be SU(n1)

and respectively SU(n2). The spectral cover of an SU(n) bundle is determined [27] by n

sections ak of the line bundles

Kk
S ⊗OS(η) ' K−6+k

S ⊗ T , k = 0, 2, . . . , n. (3.43)

The dual F-theory model is an elliptic fibration X → P with a section over a base P ,

where P is a IP1 bundle over S. More precisely, P is the projectivization of the rank two

bundle of the form OS ⊕ T . Note that P has two canonical sections S0, S∞ with normal

bundles

NS0/P ' T , NS∞/P ' T −1. (3.44)

The canonical class of P is

KP = −S0 − S∞ + p∗(KS)

where p : P → S denotes the canonical projection. The fourfold X is a Weierstrass model

of the form

y2 = x3 − fx − g (3.45)

where f, g are sections of K−4
P and respectively K−6

P . The discriminant of the elliptic

fibration is given by

δ = 4f3 − 27g2. (3.46)

We will denote by capital letters F,G,∆ the zero divisors of f, g, δ on P .

The heterotic bundles V1, V2 correspond to ADE degenerations of the elliptic fibration

X → P along the sections S0, S∞. The discriminant ∆ decomposes into three components

∆ = ∆0 + ∆∞ + ∆n (3.47)

where ∆0, ∆∞ are multiples of S0, S∞ and ∆n denotes the nodal component.

The heterotic bundle moduli are encoded in the complex structure moduli of X. For

concreteness, let us consider the first bundle V1 which corresponds to an ADE degeneration
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along S0; V2 follows by analogy replacing S0 with S∞ and T with T −1 in the following.

The complex structure of the elliptic fibration in a neighborhood of S0 is captured by a

hypersurface equation of the form

y2 = x3 − fx − g (3.48)

in the total space of the rank three bundle T ⊕ (T 2⊗K−2
S )⊕ (T 3⊗K−3

S ). Let s denote

a linear coordinate on the total space of the line bundle T → S. Then f, g in (3.48) have

expansions of the form

f = f0 + f1s + f2s
2 + · · ·

g = g0 + g1s + g2s
2 + · · · (3.49)

where fi are sections of K−4
S ⊗ T 4−i, i = 0, . . . , 4 and gj are sections of K−6

S ⊗ T 6−j ,

j = 0, . . . , 6. The duality map relates the nonzero sections fi, gj to the sections ak of the

line bundles (3.43) which determine the heterotic spectral cover.

This picture is valid as long as the spectral cover is irreducible and there are no

horizontal heterotic fivebranes. Horizontal heterotic fivebranes correspond to blow-ups in

the base of the F-theory elliptic fibration [58, 59]. More specifically, suppose we have

a single heterotic fivebrane wrapping a smooth curve Ξ contained in the section of the

Weierstrass model Y . In F-theory, this is represented by performing a blow-up of the base

P along a curve isomorphic to Ξ contained in a section S of the IP1 fibration p : P → S.

We will call this curve Ξ as well since the distinction will be clear from the context. This

is the four-dimensional counterpart of the more familiar six-dimensional F-theory picture

for small instantons developed in [56, 60 – 62]. The vector bundle degenerations associated

to heterotic fivebranes on Calabi-Yau threefolds have been studied in [63, 64, 52].

Let P̃ denote the total space of the blow-up, and let S̃ denote the proper transform of

S in P̃ . Note that both S and S̃ are naturally isomorphic to S. Then the normal bundle

of S̃ in P̃ is determined by

N eS/ eP
' NS/P ⊗OS(−Ξ). (3.50)

Let us now construct the F-theory dual of our model. The line bundle T is isomorphic

to OS in our case, and we have a horizontal heterotic fivebrane wrapping the (−1) curve

Γ. Therefore the F-theory base is a blow-up of

P = IP1 × S

along a curve isomorphic to Γ contained in a section S. According to equation (3.50),

N eS/ eP ' OS(−Γ), hence S̃ is rigid in P̃ . We will take S = S0 in the following.

We have two SU(5) bundles V1, V2 on Y . Recall that the bundle V2 admits an irre-

ducible spectral cover description with η2 = 6c1(S). According to the duality map reviewed

above, V2 corresponds to an A4 degeneration of the fourfold X along a section Σ of the

fibration P̃ → S with trivial normal bundle. Such a section Σ is in fact the proper trans-

form of any section of P over S distinct from S0. Note that Σ moves in a one dimensional

linear system, and it can degenerate to a reducible divisor of the form S̃0 + E, where E is

the exceptional divisor of the blow-up map P̃ → P .
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There is one more condition on the A4 degeneration along Σ, namely it has to be

split [36]. This means that the degeneration has no monodromy along curves in Σ. The

conditions for an A4 singularity to be split have been derived in [36]. The expansions (3.49)

have to be truncated to

f = s2f2 + · · · + s4f4

g = s3g3 + · · · + s6g6 (3.51)

where fi are sections of K−6
S , i = 2, . . . , 4, and gj are sections of K−6

S , j = 3, . . . , 6 since

T ' OS . The split condition requires f2, f4 and g3, g4, g6 to be written as polynomial

functions of a a smaller set of sections

h ∈ H0(K−1
S ), H ∈ H0(K−2

S ), q ∈ H0(K−3
S ).

Therefore the complex structure moduli of a split A4 degeneration along the section Σ are

controlled by the coefficients

h ∈ H0(K−1
S ), H ∈ H0(K−2

S ), q ∈ H0(K−3
S ), f3 ∈ H0(K−4

S ), g5 ∈ H0(K−6
S ).

These sections are in one-to-one correspondence with the sections (3.43) which determine

the spectral cover C2.

The duality map for bundles with reducible spectral covers, or more generally bundles

constructed by extensions, is more subtle and not completely understood. Here we are

only interested in reducible spectral covers of the form C = σ + C′′, and extensions of the

form (3.39). According to [54, section 5.1] in this case, the moduli of the rank four bundle

V ′′ corresponding to C′′ are mapped to complex structure deformations of the fourfold. The

extension moduli are related to expectation values of D7-D7 fields which span nongeometric

branches in F-theory. This correspondence is not understood in detail at the present stage,

but the current understanding suffices for our purposes.

Recall that C′′ is an irreducible spectral cover with η′′ = 6c1(S) − Γ, therefore T '
OS(−Γ). This is the normal bundle of the proper transform S̃0 in P̃ , hence we will have

a fourfold degeneration along the rigid section S0. The spectral cover moduli (3.43) are

parameterized this case by

a0 ∈ H0(K−6
S (−Γ)), a2 ∈ H0(K−4

S (−Γ))

a3 ∈ H0(K−3
S (−Γ)), a4 ∈ H0(K−2

S (−Γ)). (3.52)

Using the results of [36, section 4.5] one can check that these are precisely the complex

structure moduli of a split D5 singularity along the section S̃0 [36]. So naively we seem

to obtain a SO(10) gauge group in F-theory. However, this is not true, since we have

not taken into account the D7-D7 strings localized on the intersection between S̃0 and the

nodal component of the discriminant. The expectation values of these fields should be

related to extension moduli in the heterotic model [54]. In our case, we have no extension

moduli, as shown at the end of section 3.6. We can construct only a direct sum bundle

which is unstable or a non-split extension, which is stable. Note that this behavior is not
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solely determined by the spectral cover C′′. The line bundle N also plays a crucial role in

the extension moduli computation. The choice of line bundle is expected to be related to

the background flux G in F-theory [63, 65, 66].

Given all this data, we propose the following interpretation of the F-theory dual.

Naively, the gauge symmetry seems to be SO(10), but with the present combination of

geometry and flux, the D7-D7 strings localized on the intersection are tachyonic. Therefore

they must condense spontaneously breaking the SO(10) gauge symmetry on the D7-brane

wrapping S̃0 to SU(5). The tachyonic nature of the D7-D7 strings is related to the fact

that the direct sum bundle is unstable, therefore breaks supersymmetry at tree level in the

heterotic model. It would be very interesting to understand this correspondence in more

detail, but we leave this for future work.

Summarizing this discussion, we conclude that one can construct an F-theory dual

to the previous heterotic model. The geometry of the F-theory fourfold is an elliptic

fibration over a blow-up P̃ of IP1×S and the GUT SU(5) bundle corresponds to a split A4

degeneration along a movable section of P̃ over S. The hidden SU(5) bundle corresponds

to a split D5 degeneration along a rigid section, and the interplay of geometry and flux

leads to tachyon condensation in F-theory, breaking SO(10) to SU(5).

An important point for us is that the resulting F-theory fourfold has complex structure

deformations which bring the movable section supporting the GUT SU(5) arbitrarily close

to the fixed section supporting the hidden SU(5). This allows us to tune the messenger

masses to be small enough to arrange for gauge mediation as the dominant source of SUSY

breaking in the observable sector: different values of the fluxes which stabilize the complex

structure moduli lead to a wide range of possibilities for M .

Since this point is slightly subtle, let us provide more details. First note that this

question reduces to the analogous problem in eight dimensions9 since the F-theory elliptic

fibration is a (blow-up of a) direct product P = IP1 ×S. This means it suffices to consider

an eight dimensional F-theory compactification on an elliptically fibered K3 surface with

a section. We will be interested in a subspace of the moduli space where the K3 surface

has one Kodaira fiber of type I5 (corresponding to an A4 singularity) and another Kodaira

fiber of type I∗1 (corresponding to a D5 singularity) in addition to 12 Kodaira fibers of type

I1. In this case one can construct a one parameter family of K3 surfaces so that the generic

surface has singular fibers I5 + I∗1 + 12I1 as above and the central fiber has singular fibers

of type I∗3 + 15I1. (The singular fiber I∗3 corresponds to a D7 singularity.) Locally, this is

a collision of I5 and I∗1 singular fibers; it is constructed explicitly in [67, section 11].

In fact we can give an alternative argument based on a presentation of these K3 surfaces

as hypersurfaces in toric varieties; this is based on a beautiful observation due to Candelas

and Skarke [68]. We represent the corresponding toric polyhedron below. Note that the

K3 surfaces develop a D7 singularity along a certain subspace of the moduli space. To

see this, note that the polyhedron contains a reflexive subpolyhedron drawn with magenta

in fig. 1; the corresponding torus fibration admits one singular I∗3 fiber. The red edges

of the ∇ polyhedron correspond to the nontrivial pairwise intersections of the exceptional

9We thank T. Pantev for clarifying discussions on these points.
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Figure 1: Reflexive polyhedron describing the family of K3 surfaces. The color code is as follows:

magenta is associated with the elliptic fiber of the Spin(32)/ZZ2 fibration, while red corresponds to

the associated extended Dynkin diagram; green is associated with the elliptic fiber of the E8 × E8

fibration, while blue corresponds to the respective extended Dynkin diagrams.

divisors obtained by resolving the D7 singularity. Complex structure deformations in the

normal directions to this subspace will split the D7 singularity in A4+D5. To see this, note

that the polyhedron contains another reflexive subpolyhedron, which is the elliptic curve

in IP2
[1,2,3]; this is represented with green in figure 1. The corresponding elliptic fibration

has one D5 and one A4 singularity; the exceptional divisors associated with the resolution

of the singularities and the affine components are represented with blue in figure 1.

For completeness, note also that the elliptic fibrations with D7 singularities admit

two sections. This suggests that our model can be equally well constructed using the

Spin(32)/ZZ2 heterotic string, according to [61]. This is not surprising since it is well

known that the two heterotic models are equivalent when compactified on a two-torus.

In order to put this discussion in proper perspective, note that the picture developed

here does not contradict the more familiar parameterization of complex structure moduli

in F-theory. Usually one fixes the locations of the A4 and respectively D5 singularities at

∞ and respectively 0 using the PSL(2,C) automorphism group of the base IP1. Then the

moduli of the K3 surface are parameterized by deformations of the K3 surface preserving

these singularities. Note however that in this manner one obtains only a parameterization

of an open subset of the moduli space where the two singular points are away from each

other. The construction sketched above yields a parameterization of a different open subset

of the moduli space, centered on the subspace of K3 surfaces with D7 singularities.

Note also that the parameterization commonly used in the literature covers a neigh-

borhood of the E8 × E8 semi-stable degeneration locus in the moduli space [61, 27]. In

this region, the F-theory model admits an alternative description in terms of heterotic M-
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theory. The region we are interested in is not near the E8 × E8 semi-stable degeneration

locus, and the model does not admit a heterotic M-theory interpretation.

3.10 Kähler moduli stabilization

The typical Kähler moduli stabilization mechanism in F-theory models relies on D3-brane

instanton effects [69]. The D3-brane instantons which contribute to the nonperturbative

superpotential are classified by arithmetic genus one divisors D in the resolution of X

which project to a surface in the base P . If the base is a IP1 bundle over a surface S, one

can show [70] that the inverse image of any (−1) curve C in S is such a divisor D which

contributes to the superpotential. In our case, the base is S = dP8, and we can find 240

(−1) curves which generate the Mori cone (3.24). Moreover, the base is in fact a blow-up

of P = IP1 × S along a curve Ξ lying in a section. According to [58], the inverse image

of the exceptional divisor E ⊂ P̃ contributes to the superpotential if Ξ is a (−1) curve as

well. This is precisely condition (III) formulated in section 3.3, which is is satisfied in our

model.

Finally, the vertical divisors obtained by ruling the exceptional components of the D5

fiber over the section S0 are rigid and have arithmetic genus 1. Therefore, according to

[69], they contribute to the nonperturbative superpotential. We conclude that this model

admits sufficient contributions to the superpotential such that it is possible to find vacua

with all the Kähler moduli fixed.

4. Dynamical supersymmetry breaking from quivers

D3-branes placed at a smooth point in a Calabi-Yau manifold realize a world-volume gauge

theory which, at low energies, flows to N = 4 supersymmetric Yang-Mills theory. To

get theories with less supersymmetry, one can place the branes at singular points in the

Calabi-Yau: simple examples include orbifolds [71 – 73] and conifolds [74]. Suitable classes

of singularities may also include collapsed curves; in such cases, one can sometimes make

supersymmetric configurations which include some number of D5-branes wrapping the

collapsed curve (often called “fractional branes”). For instance, the famous Klebanov-

Strassler solution [75] arises in this way, by placing D3-branes and wrapped D5-branes at

a conifold singularity.

By now, quite a bit has been learned about the classes of so-called quiver gauge theories

which arise from general configurations of fractional branes at the singularities in Calabi-

Yau moduli space where a divisor collapses to zero size. A nice review with references

can be found in [28]. One very interesting insight which has recently emerged is that

quiver theories which preserve SUSY to all orders in perturbation theory, but break it

non-perturbatively, are easy to find (and may even be generic) [26].

This suggests that an easy way to make a model of gauge mediation, may be to realize

the Standard Model on one stack of D-branes, and a quiver theory which dynamically

breaks SUSY on another stack. By now there are many papers which realize variants of

the SM on different kinds of brane stacks; we will avail ourselves of two different kinds

of constructions. On the one hand, we can realize the Standard Model as in [28], which
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realizes the SM using fractional branes in a (partially) collapsed dP8. As long as the DSB

quiver is sufficiently close to the SM branes, the interbrane strings connecting the two

stacks will have a mass M ¿ Ms; they will serve as the messengers of gauge mediated

supersymmetry breaking. On the other hand, we can also arrange for our quiver theory to

arise “close to” a GUT D7-brane stack, which is the F-theory dual to a standard heterotic

GUT.

One of the simplest quiver theories which exhibits DSB [26] involves an U(3M) ×
U(2M) × U(M) gauge group with matter fields in the

(3M,2M,1), 2 × (3M,1,M), 3 × (1,2M,M) (4.1)

representations (and a suitable tree-level superpotential). It can be obtained from fractional

branes at a collapsed dP1 as in [26]. 10

Therefore, in the next sections, we engineer appropriate collapsed surface singularities

close to: 1) F-theory duals of heterotic GUT models and, 2) avatars of the D3-brane

MSSM-like model of [28]. In the remainder of this section, we discuss some very minor

modifications of the example given in [26], which will arise more easily in our geometric

engineering.

Before proceeding, we should discuss an important caveat. As was correctly described

in the second paper in [26], these theories have several FI terms associated with the U(1)

factors in the gauge group. The U(1)’s are anomalous. The anomalies are cancelled by a

Green-Schwarz mechanism whereby U(1) gauge transformations are accompanied by shifts

of twisted RR axions, and the Kähler modulus partners of the axions play the role of field-

dependent FI terms [77]. Supersymmetry is broken for any fixed finite value of these terms.

The question of whether supersymmetry is broken once the FI terms become dynamical is

a more detailed and subtle one, depending both on details of the gauge theory which are

hard to compute, and details of the global embedding. If these dynamical FI terms are not

stabilized, then instead of supersymmetry breaking one finds a run-away to infinity in field

space with no stable vacuum. We discuss this issue in section 5.3 after developing more of

the relevant geometry; it is worth pointing out that there is no analogous issue with the

models of section 3.

4.1 DSB from the dP8 quiver

We will be mostly interested in compact Calabi-Yau manifolds that admit dP8 and dP5

singularities (instead of dP1). Here we briefly explain the elementary point, that this does

not hamper us in using the construction of [26]. This is in keeping with their statements

about the genericity of the phenomena they discuss.

A three-block exceptional collection for the dP8 singularity is provided in [28, section 3].

Recall that the middle cohomology of dP8 is spanned by the hyperplane class h and the

10We note that the del Pezzo quiver gauge theories may actually have several branches, with the dynamical

supersymmetry breaking vacua being the result of local analysis on some subset of the branches. Simpler

gauge theories like the Klebanov-Strassler theory [75] already exhibit a very rich branch structure [76]. We

thank N. Seiberg for emphasizing this point to us.
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exceptional curves ei, i = 1, . . . , 8 with

h · h = 1, ei · ej = −δij , h · ei = 0. (4.2)

The canonical class is given by

KdP8
= −3h +

8∑

i=1

ei. (4.3)

A given member F of the exceptional collection can be specified by a charge vector

(rank(F ), c1(F ), ch2(F )) giving the Chern classes of the sheaf it represents (the D7, D5

and D3 charge respectively). If one takes n copies of a given member, one finds a U(|n|)
gauge theory with no adjoint matter. Given two such sheaves Fi, Fj , the spectrum of bi-

fundamentals may be computed in terms of the Euler character χ(Fi, Fj). The results for

dP8 are that there exists an exceptional collection with

ch(Fi) = (1, h − ei, 0), i = 1, . . . , 4, ch(Fj) = (1,−KdP8
+ ei, 0), j = 5, . . . , 8,

ch(F9) = (1, 2h −
4∑

i=1

ei, 0), ch(F10) = (3,−KdP8
+

8∑

i=5

ei,−1/2),

ch(F11) = (6,−3KdP8
+ 2

8∑

i=5

ei, 1/2) .

The spectrum of bifundamentals is given by

χ(F10, Fi) = 1, χ(F11, Fi) = 1 for i = 1, . . . , 9, χ(F10, F11) = 3. (4.4)

It was observed in [28] that this quiver allows for a simple construction of a pseudo-

realistic MSSM. To get this toy model, the multiplicities at the nodes should be chosen

to be

ni = 1, i = 1, . . . , 9, n10 = 3, n11 = −3 . (4.5)

In this case, the charges of the fractional brane add up to the charge of a single D3-brane.

Next, it is possible to perform a Seiberg duality on the node F10, as in [28]. This

modifies the quiver gauge theory as follows: F11 is replaced by a node F̃11 with

ch(F̃11) = (3,

8∑

i=5

ei,−2) (4.6)

and the multiplicities at the nodes (for the toy MSSM) are now given by

ñi = 1, i = 1, . . . , 9, ñ10 = −6, ñ11 = 3. (4.7)

The spectrum of bifundamentals is now determined by

χ(F10, Fi) = 1, χ(F̃11, Fi) = 2 for i = 1, . . . , 9, χ(F̃11, F10) = 3. (4.8)

The end result is a quiver of the form given in fig. 6 of [28] which we reproduce here for

convenience.
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Figure 2: The dP8 quiver associated with the mutated exceptional collection.

This quiver can easily accommodate the supersymmetry breaking model of [26]. For

instance, the multiplicities

n1 = 3M, n10 = 2M, n11 = M (4.9)

with all other ni vanishing, yield the family of theories of interest. Replacing n1 with any

of the n2,...,9 would work equally well. We would like to avoid proliferation of messengers,

so for practical purposes the most interesting case is M = 1.

4.2 DSB from the dP5 quiver

We are also interested in a compact geometry containing a collapsing del Pezzo dP5 surface

S. We can determine the corresponding quiver gauge theory starting again with a three-

block strongly exceptional collection on S. Such a collection is given by [78]

Ga
1 = OS(e4), Ga

2 = OS(e5), Gb
3 = OS(h), Gb

4 = OS(2h − e1 − e2 − e3),

Gc
5 = OS(3h − e1 − e2 − e3 − e4 − e5), Gc

6 = OS(2h − e1 − e2), Gc
7 = OS(2h − e2 − e3),

Gc
8 = OS(2h − e1 − e3) , (4.10)

where as before h denotes the hyperplane class and ei, i = 1, . . . , 5 are the exceptional

curve classes. Then, the associated quiver gauge theory is described by the diagram 3.

It is easy to see that dP5 quiver gauge theory also accommodates the SUSY breaking

model of [26]. One possible choice of multiplicities is as follows:

n1 = M, n3 = 3M, n5 = 2M (4.11)

with all the other ni vanishing. Again, the most interesting case is M = 1.
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Figure 3: The quiver gauge theory associated with a collapsing dP5 surface.

5. Fractional brane supersymmetry breaking and GUT models

Motivated by the previous discussion, in this section we construct examples of IIB Calabi-

Yau orientifolds including fractional branes at del Pezzo singularities. Since we will focus

on examples with fixed O7-planes, our models can also be regarded as limiting cases of

F-theory compactifications [79, 80].

Consider a IIB compactification on a Calabi-Yau threefold Z equipped with a holo-

morphic involution σ : Z → Z which flips the sign of the global holomorphic three-form

σ∗ΩZ = −ΩZ .

Furthermore, let us assume that the fixed locus of σ is a smooth complex surface R ⊂ Z

so that the quotient Z/σ is a smooth threefold P and the projection map ρ : Z → P is a

double cover with ramification divisor R. We will denote by B ⊂ P the branch divisor of

the double cover.

We construct an orientifold theory by gauging the discrete symmetry (−1)FLΩσ where

Ω is world-sheet parity. According to [79, 80], the resulting model is equivalent to a F-

theory compactification on X = (Z×T 2)/ZZ2, where ZZ2 acts as σ on Z and simultaneously

as (−1) on T 2. It is easy to check that X is an elliptically fibered Calabi-Yau fourfold

over P with D4 singular fiber along the branch divisor B. This elliptic fibration admits

complex structure deformations which will modify the singular fibers and the discriminant.

Such deformations correspond to more general F-theory compactifications away from the

orientifold limit.

In the following we will be interested in models in which the base P develops collapsing

del Pezzo singularities away from the branch locus of ρ : Z−→P . More precisely, we would

like to find a collection S1, . . . , Sk of del Pezzo surfaces on P which do not meet the branch

locus B, nor each other, and a map p : P → P̂ which contracts S1, . . . , Sk to singular points

p1, . . . , pk on P̂ .

– 27 –



J
H
E
P
0
2
(
2
0
0
6
)
0
2
0

Assuming that these conditions are met, note that the inverse image of each surface

Si via the double cover ρ : Z → P is a pair of disjoint del Pezzo surfaces S′
i, S

′′
i in Z. The

involution σ : Z → Z maps S′
i isomorphically to S′′

i . Moreover, the contraction map p

projects the branch locus B onto a smooth divisor B̂ ⊂ P̂ which is isomorphic to B and

supported away from the singular points of P̂ . Let ρ̂ : Ẑ → P̂ be the double cover of

P̂ branched along B̂. Then Z is isomorphic to the fiber product Ẑ ×ρ̂ P and we have a

commutative diagram

Z
ρ

//

z
²²

P

p

²²

Ẑ
ρ̂

// P̂

(5.1)

The map z : Z → Ẑ contracts S′
i, S

′′
i to singular points p′i, p

′′
i on Ẑ which project to the

singular points pi ∈ P̂ under the map ρ̂.

Since Si are disjoint from B, it follows that the infinitesimal neighborhood of Si in P is

isomorphic to the infinitesimal neighborhood of S′
i (or, equivalently, S′′

i ) in Z. Therefore the

Si must be locally Calabi-Yau surfaces on P , even though P is not a Calabi-Yau manifold.

In particular, the normal bundle to Si in P must be isomorphic to the canonical bundle

KSi
, and the restriction c1(P )|Si

of the first Chern class of P to Si is trivial.

Under these circumstances, the local physics at the singularities of P̂ is identical to the

local physics of typical del Pezzo singularities in Calabi-Yau threefolds. In particular we can

introduce fractional branes wrapping collapsing cycles in Si and study their dynamics as if

P were globally Calabi-Yau. Since the local physics is not sensitive to complex structure

deformations which preserve the singularities, this conclusion will continue to hold when

we deform X away from the orientifold limit.

As explained in the previous section, dynamical supersymmetry breaking can be re-

alized if we place certain configurations of fractional branes at del Pezzo singularities in

Calabi-Yau threefolds. More specifically, one has to consider fractional branes which in the

large radius limit correspond to D5-branes wrapping holomorphic cycles in the exceptional

del Pezzo surface. This construction seems to be at odds with our set-up since typically

O7 orientifold planes do not preserve the same fraction of supersymmetry as D5-branes.

In fact the orientifold projection considered above maps a D5-brane wrapping a holomor-

phic curve C in the del Pezzo surface S′
i ⊂ Z to a anti-D5-brane wrapping the image curve

σ(C) in S′′
i . Obviously, for generic values of the Kähler parameters this configuration would

break supersymmetry at tree level. However, we know that in the singular limit fractional

D5-branes preserve the same fraction of supersymmetry as D3-branes. This is clear from

the construction of quiver gauge theories associated to branes at del Pezzo singularities in

which configurations of D3-branes and D5-branes give rise to supersymmetric field theo-

ries. In fact there is nothing mysterious about this phenomenon. It is well established by

now that the fraction of supersymmetry preserved by holomorphic D-brane configurations

is determined by the phase of the associated central charge [81 – 83]. As we move in the

Kähler moduli space, the phases of D5-branes and D3-branes change until they eventually

become aligned along a wall of marginal stability.
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Since configurations of O7-planes and D3-branes are supersymmetric, it follows that

along such a wall of marginal stability we can also add fractional D5-branes at the singu-

larities without breaking tree level supersymmetry. More precisely, suppose we have Ni

D3-branes and Mi D5-branes at the singularity in Ẑ obtained by collapsing S′
i.

The orientifold projection will map this configuration to a system of Ni D3-branes

and Mi anti-D5-branes at the conjugate singularity obtained by collapsing S′′
i . The central

charges of the two configurations are

Z ′
i = NiZD3 + MiZD5, Z ′′

i = NiZD3 − MiZD5, (5.2)

since orientifold projection flips the sign of the D5-brane central charge and preserves the

D3-brane central charge. Since ZD3 and ZD5 are collinear, it follows that Zi, Z
′′
i will also

be collinear as long as the number Ni of D3-branes is sufficiently large.

As explained in section four, we will be in fact interested in a special point on the

marginal stability wall where the low energy effective theory of the fractional brane system

is a quiver gauge theory. This is the point where the central charges of all objects of the

exceptional collection on S are collinear. In the following we will refer to this special point

in the Kähler moduli space as the quiver point.

Note that tree level supersymmetry is easily achieved in typical F-theory compactifica-

tions. At the quiver point, all fractional branes corresponding to the exceptional collection

preserve the same supersymmetry as the D3-brane, and they are permuted by monodromy

transformations in the complexified Kähler moduli space. Therefore their central charges

must be all equal and aligned to the central charge of the D3-brane. Since the sum of

all fractional branes is a D3-brane, their central charges must be equal to 1
pZD3, where

p is the total number of fractional branes. Fractional D5-branes are linear combinations

of some number q < p of fractional branes. Therefore, ZD5 = q
pZD3, with 0 < q/p < 1.

Therefore the above conditions are easily satisfied in F-theory models with a large tadpole

for three-brane charge. This number is controlled by χ
24 where χ is the Euler character of

the fourfold [84], and in simple examples χ
24 ∼ 102 − 103. We will be able to compute χ in

one of our examples and confirm that the above assertion is justified.

It is worth noting that similar configuration of branes have been considered before in

toroidal orientifold models [85 – 87, 13, 14, 1]. In that case one typically considers D9-D9

pairs with magnetic fluxes in orientifold theories with O3/O7 planes. Such configurations

are related by T-duality to D6-branes intersecting at angles, and preserve tree level super-

symmetry for special values of the Kähler parameters. Here we encounter the Calabi-Yau

counterpart of this construction. Other applications of magnetized branes on Calabi-Yau

manifolds will be discussed elsewhere [88].

5.1 Concrete examples

Let us now present a concrete class of models. In addition to the fractional branes which

cause DSB, we would also like our models to exhibit a three generation GUT sector on the

background D7-branes.
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We take the base P to be the projective bundle IP (OS ⊕ KS) where S = dPk is a del

Pezzo surface. Note that P has two canonical sections S0, S∞ with normal bundles

NS0/P ' KS , NS∞/P ' −KS . (5.3)

The canonical class of P is

KP = −2S∞.

Pick the branch locus B to be a generic smooth divisor in the linear system | − 2KP | =

|4S∞|. Note that B does not intersect S0, since S∞ and S0 are disjoint. Then the double

cover ρ : Z → P of P branched along B is a smooth Calabi-Yau threefold containing two

disjoint surfaces S′
0, S

′′
0 isomorphic to dPk, which cover S0.

Note that the section S0 is locally Calabi-Yau in P according to (5.3). Moreover, for

k ≤ 5, P is toric, and one can find a toric contraction map p : P → P̂ which contracts S0

to a point. Then one can complete the diagram (5.1) by taking the double cover of the

cone P̂ branched along the image B̂ of B through p.

Next, we deform the elliptic fibration π : X → P preserving the fibration structure

and the singularity in the base. At generic points in the moduli space, we have a smooth

elliptic fibration π : X → P which can be written in standard Weierstrass form

y2 = x3 − fx − g (5.4)

where f, g are sections of −4KP and respectively −6KP . The discriminant is given by

δ = 4f3 − 27g2. (5.5)

We will denote with capital letters F,G,∆ the zero divisors of f, g, δ on P . Note that

∆, F,G do not intersect S0, therefore the elliptic fiber is constant along S0. This will allow

us to contract the section S0 on X, obtaining a singular fourfold X̂ with an elliptic curve

of local dPk singularities.

In order to obtain a GUT gauge group on the F-theory seven branes, we have to choose

the complex structure moduli so that ∆ decomposes into two irreducible components

∆ = ∆′ + ∆′′. (5.6)

where ∆′ = 5Σ, where Σ is a section of P linearly equivalent to S∞. Moreover, f, g should

not vanish identically along Σ. Note that Σ does not intersect the section S0, but it can

be brought arbitrarily close to S0 by complex structure deformations. This means that the

mass of the open strings between the fractional branes at the dPk singularity and the GUT

D7-branes is controlled by a complex structure modulus of the fourfold.

The chiral matter of the low energy theory is determined in principle by the open

string spectrum between the GUT D7-branes and the D7-branes wrapping the nodal com-

ponent ∆′′ of the discriminant. However, at the present stage F-theory techniques are not

sufficiently developed for an explicit computation of the spectrum, or at least of the net

number of generations. This question can be more efficiently addressed invoking heterotic

F-theory duality as in section 3.
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5.2 Heterotic duals

The above F-theory models are dual to heterotic four dimensional compactifications on

elliptic fibrations. We have reviewed some aspects of the duality map and the spectral

cover construction of heterotic bundles in section 3.9 and section 3.4.

The dual heterotic models are specified by a smooth Weierstrass model Y over S and

a background bundle of the form V × W where V,W are stable SU(5) and respectively

E8 bundles over Y . The E8 bundle W corresponds to the hidden sector, while the SU(5)

bundle gives rise to the GUT sector. As explained in section 3.9, since the F-theory base

is a IP1 bundle over Y without blow-ups, there are no horizontal heterotic fivebranes on Y .

Note that in the notation of section 3.9, we now have T ' KS . Applying the techniques

explained there, it is not hard to check that one can enforce a split A4 singularity along the

section Σ ⊂ P , which has normal bundle NΣ ' K−1
S . This would correspond to an SU(5)

bundle V with a spectral cover C in the linear system |5σ + 7π∗c1(S)|. However, one can

easily check using formulas (3.11) that such a bundle can never yield a three generation

spectrum. For SU(5) bundles, the Chern classes (3.11) are

ch1(V ) = −(a + 4)η + 5(a + 2)c1(S) + 5c1(M)

ch3(V ) =
1

2
η(η − c1(S)) − ηc1(M). (5.7)

It suffices to substitute η = 7c1(S) in the second equation in (5.7) obtaining

ch3(V ) = 21 − 7c1(S) · c1(M).

The right hand side of this equation is obviously a multiple of 7, hence it can never take

the value ±3.

Then how can we obtain a three generation SU(5) GUT in the low energy effective

action? In order to solve this puzzle, we have to look for three generation models in

heterotic vacua with horizontal fivebranes, that is we have to allow a nontrivial Ξ class.

According to section 3.9, this means that the F-theory base must be a blow-up of P along a

curve isomorphic to Ξ. Let us blow-up P along the same curve Ξ embedded in the section

Σ. Then the D7-branes carrying the GUT gauge group will wrap the strict transform Σ̃ of

the section Σ, and the class η of the SU(5) bundle must be corrected to

η = 7c1(S) − Ξ. (5.8)

The extra term in the right hand side of (5.8) reflects the change in the normal bundle of

Σ under the blow-up, as explained in section 3.8.

Taking into account this correction to the η class, let us try again to find three gener-

ations SU(5) bundles. First we have to choose M and a so that ch1(V ) = 0. There two

obvious choices satisfying this condition

A) a = 1, c1(M) = η − 3c1(S)

B) a = −4, c1(M) = 2c1(S). (5.9)
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One can probably find many more solutions, but we will focus only on these two cases in

the following. Substituting (5.8) and (5.9) in the formula (5.7) for ch3(V ) we obtain

A) ch3(V ) = −1

2
(7c1(S) − Ξ)(2c1(S) − Ξ)

B) ch3(V ) =
1

2
(7c1(S) − Ξ)(2c1(S) − Ξ). (5.10)

In addition to the constraint ch3(V ) = ±3, we would also like Ξ to be a collection of

disjoint (−1) curves on S. According to section 3.10, this is required in order to stabilize

the sizes of the exceptional divisors of the blow-up P̃ → P . Taking into account all

these constraints, we have found two classes of solutions. Recall that we denote by h the

hyperplane class on S = dPk and by e1, . . . , ek the exceptional curve classes.

i) Example I. Take S = dP5 and

Ξ = Γ1 + · · · + Γ5

where Γ1, . . . ,Γ5 are disjoint smooth rational curves on S. For example we can take Γi = ei,

i = 1, . . . , 5. Then one can check that

(7c1(S) − Ξ)(2c1(S) − Ξ) = 6

which yields ch3(V ) = ∓3 in the two cases listed in (5.10). In this case we can easily

compute the Euler characteristic of the fourfold X, χ(X) = 4128. Therefore, the three-

brane charge tadpole is large enough such that the technical condition necessary for the

alignment of the D3-brane and D5-brane charge at the point in the Kähler moduli space

where the negative section S0 collapses to zero size is satisfied.

ii) Example II. Take S = dP8 and

Ξ = Γ1 + Γ2

where Γ1,Γ2 are any two disjoint (−1) curves on S such as e1, e2. Then we obtain again

(7c1(S) − Ξ)(2c1(S) − Ξ) = 6.

In each of the these examples, one can construct the SUSY-breaking quiver theory

described in section 4.

5.3 Comments on possible runaway behavior in Kähler moduli space

In the present construction, say for definiteness Example II above, all Kähler moduli of

the dP8 surface S0 are present as Kähler moduli of the Calabi-Yau threefold. Therefore,

one must worry about stabilizing each of them.11 (The constructions of section 6 are

11This also indicates that Example II would be an ideal setting for compact embeddings of the Verlinde-

Wijnholt model [28]. The presence of all dP8 moduli gives one the freedom to tune Yukawa and FI terms

(at least before accounting for moduli stabilization), a necessary step in making the model realistic. For

our present purposes, we wish to use the cone over dP8 to embed a SUSY breaking sector instead.
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advantageous in this respect, since as we shall see there only a single linear combination of

the Kähler moduli of the dP8 is nontrivial in H1,1 of the Calabi-Yau space).

There are naively sufficiently many vertical arithmetic genus one divisors for this task;

in the IIB picture, these project to IP1 bundles over the relevant curves in the del Pezzo

surface. However, the fractional brane configuration (4.9) involves one of the exceptional

curves in the del Pezzo surface. It is therefore uncertain that the relevant instanton con-

tributes. The volume of this curve plays the role of a FI parameter R. As described in e.g.

sections 3.2.2–3.2.3 of the second reference in [26], this dynamical FI term may cause the

SUSY-breaking vacuum to run away to infinity. We briefly review their discussion here,

for completeness, and point out several caveats.

In a limit of the U(3) × U(2) × U(1) gauge theory where the U(2) is most strongly

coupled, one can derive as in the reference above a description of the physics which is

governed by only three light chiral multiplets: call them M , Z and R. M and Z are

open string fields, while R is the Kähler modulus. The real part of R plays the role

of an FI term in the gauge theory – by abuse of notation we shall denote this by R as

well. An SU(3) factor in the (Seiberg dual) gauge theory generates a nonperturbative

superpotential, characterized by dynamical scale Λ. Making the very strong assumption

that there are canonical kinetic terms, and expanding for small R, the theory has an F-term

potential

VF ∼ |M |2 + Λ2|Z + Λ4M−3/2|2 (5.11)

and a D-term potential

VD ∼ (|Z|2 − R)2 . (5.12)

We emphasize that the assumption of canonical kinetic terms is far from justified; in such a

theory, one would generically expect the Kähler potential to include complicated structure

at O(Λ) in field space. Proper account of this could change the conclusions of even this

heuristic discussion.

With these assumptions, it is easy to see that in the presence of the dynamical FI

term, the theory has an unstable vacuum. The SUSY breaking vacuum of [26], can relax

to a vacuum at R → ∞, Z → ∞ and M → 0.

In the language of the brane configuration, one can gain some intuition for this phe-

nomenon as follows. Classically (i.e. at Λ → 0) the brane configuration is BPS at R = 0.

But in fact, as mirrored in the field theory, there is a full line in Kähler moduli space along

which the brane configuration remains supersymmetric. One can take R > 0, Z ∼
√

R and

M = 0. The non-perturbative SUSY breaking at R = 0 may then try to relax by mov-

ing along this (classical) flat direction, towards the larger volume classically BPS brane

configuration.

It is clear from this discussion that the determination of the status of the SUSY

breaking vacuum in the compact model is not amenable to a simple local analysis. Even

if the full Kähler potential does not contain enough structure to meta-stabilize the DSB

vacuum at O(Λ) in field space, further effects in the compactification manifold which

depend on R (notably, Kähler potential corrections and possible brane instantons) can

prevent the runaway behavior. This possibility is also suggested by the fact that R cannot
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become arbitrarily large while keeping the other Kähler moduli fixed (this runs into a wall

of the Kähler cone); but the other Kähler moduli can be fixed by brane instanton effects in

this model. Because the models of section 3 have no such issue, we will not try to pursue

the analysis of this model in further detail here. A model based on the same SUSY breaking

quiver is also described in section 6, where however there are fewer del Pezzo moduli and

the existence of a stable vacuum seems very plausible.

6. Compactifications incorporating the D3-brane MSSM

In this section we construct another class of models which contain an MSSM sector realized

as in [28] instead of a GUT sector on D7-branes.

We will use the same kind of geometric set-up encoded in the commutative diagram

(5.1), which is reproduced below for convenience

Z
ρ

//

z
²²

P

p

²²

Ẑ
ρ̂

// P̂ .

(6.1)

Recall that Z is a Calabi-Yau threefold equipped with a holomorphic involution σ : Z → Z

which fixes a smooth divisor R. P is the quotient Z/σ and ρ : Z → P is the canonical 2 : 1

projection map. Moreover, we assume that we can find a collection S′
i, S

′′
i , i = 1, . . . , n

of del Pezzo surfaces on Z disjoint from R so that σ maps S′
i to S′′

i , i = 1, . . . , n. The

del Pezzo surfaces must be contractible on Z, and z : Z → Ẑ is a contraction map which

collapses S′
i, S

′′
i to singular points p′i, p

′′
i on Ẑ.

Suppose we can find such a geometric set-up with n = 2. Then we can place conjugate

D3-D5 systems at the singular points (p′1, p
′′
1), obtaining a supersymmetric configuration as

explained in the previous section. We can also place fractional D3-branes at the remaining

singular points (p′2, p
′′
2) realizing a supersymmetric standard model as in [28]. Open strings

stretching between the two types of D-brane configurations mediate supersymmetry break-

ing. The mass of these open strings is controlled by the relative position of the points

(p′1, p
′
2) (or, equivalently (p′′1 , p

′′
2)) which is a complex modulus of Z.

Next let us construct a concrete example. We start with a smooth Weierstrass model

Z ′ over a del Pezzo surface S = dP5. Here we regard dP5 as a four point blow-up of

the Hirzebruch surface IF0 = IP1 × IP1. Let p′i, p
′′
i , i = 1, 2 denote the centers of the

blow-ups on IF0, and let e′i, e
′′
i , i = 1, 2 denote the exceptional curves. If the fibration is

generic, the restriction of the elliptic fibration to any (−1) curve C on S is isomorphic to a

rational elliptic surface with 12 I1 fibers, usually denoted by dP9. Therefore, taking C to

be each of the four exceptional curves, we obtain four rational elliptic surfaces D′
i,D

′′
i . The

exceptional curves e′i, e
′′
i can be naturally identified with sections of the rational elliptic

surface D′
i,D

′′
i . We can also naturally regard them as (−1,−1) curves on Z ′ embedding S

in Z ′ via the section of the Weierstrass model.

Threefolds Z ′ of this form appear quite often in F-theory, where the blow-ups in

the base are associated to point-like small instantons in the dual heterotic string [56,
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60 – 62]. In this context, it is known that models with different number of blow-ups are

related by extremal transitions which proceed as follows. One first performs a flop on

the (−1,−1) curves e′i, e
′′
i in Z ′, obtaining an elliptic fibration Z → IF0 with two complex

dimensional components in the fiber. More precisely, the fibers over the points p′i, p
′′
i have

two components: a rational (−1,−1) curve obtained by flopping one of the curves e′i, e
′′
i

and a dP8 del Pezzo surface. We will denote the dP8 components by S′
i, S

′′
i as above. Next,

one can contract the del Pezzo surfaces in the fiber, obtaining a singular elliptic fibration

Ẑ over IF0, which can be eventually smoothed out by complex structure deformations.

Our example will be a threefold Z obtained at the intermediate stage of the extremal

transition. All the required elements are in place apart form the holomorphic involution

σ, which can be realized as follows. In the above construction, we restrict ourselves to a

class of symmetric dP5 surfaces S obtained by blowing-up conjugate points on IF0 under a

holomorphic involution κ : IF0 → IF0. Using homogeneous toric coordinates

Z1 Z2 Z3 Z4

C∗ 1 1 0 0

C∗ 0 0 1 1

(6.2)

on IF0, κ is given by

κ : (Z1, Z2, Z3, Z4) → (Z1,−Z2, Z3, Z4). (6.3)

Note that the fixed loci of κ are two disjoint curves on IF0 determined by the equations

Z1 = 0 Z2 = 0. (6.4)

We pick (p′1, p
′
1) and (p′2, p

′′
2) to be pairwise conjugate under κ and away from the fixed

curves. Then a simple local computation shows that κ lifts to a holomorphic involution of

S which maps e′i isomorphically to e′′i . Abusing notation, we will also denote by κ the lift

to S. The distinction should be clear from the context. Note that the fixed locus of κ on

S consists of two curves C1, C2 which are the strict transforms of (6.4).

The elliptic fibration Z ′ can be written as a hypersurface in the projective bundle P =

IP
(
OS ⊕ K−2

S ⊕ K−3
S

)
over S. The involution κ : S → S constructed in the last paragraph

can be trivially lifted to the total space of P by taking the action on the homogeneous

coordinates along the fibers to be trivial. Then we can obtain a symmetric threefold

Z ′ by taking the defining polynomials of the Weierstrass model to be invariant under the

involution κ : S → S. Any such threefold would be preserved by the holomorphic involution

on the ambient space P, therefore it is equipped with an induced holomorphic involution

σ′. By construction, σ′ maps a rational elliptic surface D′
i to a rational elliptic surface D′′

i ,

and the induced map is compatible with the fibration structure.

Moreover, one can check that we also have an induced holomorphic involution σ on

the threefold Z obtained from Z ′ by flopping the curves (e′i, e
′′
i ). In order to see this, let us

recall the geometric description of the flop [89]. One first blows-up Z ′ along the (−1,−1)

curves (e′i, e
′′
i ) obtaining a non-Calabi-Yau threefold T . The exceptional divisors on T are

four surfaces (Q′
i, Q

′′
i ), i = 1, 2 isomorphic to IF0. The involution σ′ on Z ′ lifts naturally

to an involution τ : T → T which maps Q′
i isomorphically to Q′′

i . Each of the surfaces
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Q′
i, Q

′′
i is equipped with two rulings which will be denoted by a′i, b

′
i, and respectively a′′i , b

′′
i ,

i = 1, 2. These rulings are preserved by the holomorphic involution.

Now, there are two possible contractions of T . One can find a contraction map which

collapses all the a-rulings a′i, a
′′
i on the surface Q′

i, Q
′′
i , obtaining Z ′. Alternatively, one can

find another contraction map which collapses the b-rulings b′i, b
′′
i , obtaining the threefold

Z related to Z ′ by a flop. Since the involution τ preserves the rulings, it follows that in

both cases it induces involutions on Z ′ and respectively Z. In the first case, this is just the

holomorphic involution σ′ we started with. In the second case, we obtain a holomorphic

involution σ on Z with all the required properties.

Some final remarks are in order.

(i) Note that the fixed point set of σ : Z → Z consists of two K3 surfaces obtained by

restricting the Weierstrass model to the fixed curves C1, C2 of κ in the base S.

(ii) By construction, the relative position of the points (p′1, p
′
2) on IF0 is a complex mod-

ulus of Z which controls the mass of the open strings mediating supersymmetry

breaking.

(iii) Note that in the present construction the Kähler moduli of the compact threefold Z

can control only the overall size of the collapsing del Pezzo surfaces S′
i, S

′′
i , i = 1, 2.

One cannot control the relative size of the exceptional curves within each surface.

Point (iii) actually means it is unlikely that one can arrange for a reasonable symmetry-

breaking pattern in the embedding of [28] in this compact model — attempts to choose

FI terms to make the model realistic will result in hypercharge breaking. Readers who

are interested in compact embeddings of that theory where the desired Yukawa and FI

terms of [28] can be obtained by tuning closed string parameters, are reminded that the

Calabi-Yau fourfold in Example II of section 5.2 can be used for this purpose.

7. Conclusions

Many features of MSSM phenomenology are governed, not so much by the dynamics of

supersymmetry breaking, but rather by the mechanism by which SUSY breaking is trans-

mitted to the Standard Model. In this work we have initiated an attempt to construct

stringy models where gravity mediation is subdominant to other mediation mechanisms.

There are many obvious directions for future work:

• The models of section 3 have large ΛH and messenger mass M , as well as a large

messenger index. Finding examples with smaller ΛH , M and messenger index would

clearly be desirable, and may enable construction of models with all relevant dynamics

taking place much closer to the TeV scale.

• Several natural questions arise in this setting that could be attacked with the statisti-

cal approach to compactifications advocated in [90]. For instance, arranging for small

messenger mass M << Ms can be regarded as a tuning of parameters. Understanding
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in detail what fraction of flux vacua allow complex structure stabilization with small

M could give one some sense of the difficulty of arranging for gauge mediation to

be the dominant mechanism of supersymmetry breaking transmission, even in cases

where hidden sector DSB dominates over flux-induced moduli F-terms. A discus-

sion of several other relevant questions one could pursue in the statistical framework

appears in [91].

• There are several issues surrounding the compactification of models using the SUSY

BOG mechanism of SUSY breaking [26] that need to be clarified. The field theory

itself may or may not admit metastable vacua at O(Λ) in field space once the FI terms

are rendered dynamical; and global effects may stabilize the FI terms in any case.

Precise circumstances in which the various possibilities occur should be specified.

• The DSB quiver theories which have been discovered so far [26], arise on D-branes

at singularities of Calabi-Yau threefolds. There are singularities of F-theory four-

fold compactifications where one can imagine fractional branes localized at collapsed

cycles, and the normal bundle of the brane in the base of the elliptic fibration, is

such that the configuration could never arise in a Calabi-Yau threefold. It is quite

plausible that more interesting examples of DSB from fractional branes in F-theory,

will arise by analyzing the physics of these singularities.

• We have focused on gauge mediation as a possible solution to the flavor problems of

SUSY breaking in string theory. From a conceptual perspective, since many models

of gauge mediation work at parametrically low energies and do not require assump-

tions about the UV embedding, it is less urgent to UV complete gauge mediated

models than various alternatives (perhaps the most urgent issue being the need to

find a plausible solution to the µ problem). Finding stringy avatars of gaugino me-

diation [92] and anomaly mediation [93] (including some solution to the problem of

tachyonic sleptons in the latter case) would certainly be worthwhile.

• Due to the UV insensitivity of gauge mediation, it would make sense (somewhat in

the spirit of [28]) to engineer non-compact brane models containing an MSSM or

GUT, a SUSY breaking sector, and the messengers. The resulting gauge mediated

spectrum would be largely insensitive to the global details of compactification in any

compact embedding. While one can obviously infer some such models by taking

limits of our compact constructions, it may be easier to identify promising classes of

models in the non-compact setting first. Early work in this direction appears in [94].

• Finally, the UV properties of string theory may suggest novel new possibilities for

the transmission of SUSY breaking, or realizations of gravity mediation that solve

the flavor problem. Developments along these lines would be very interesting.
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D. Lüst, S. Reffert and S. Stieberger, MSSM with soft SUSY breaking terms from D7-branes

with fluxes, Nucl. Phys. B 727 (2005) 264 [hep-th/0410074];
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D. Lüst, S. Reffert, W. Schulgin and S. Stieberger, Moduli stabilization in type-IIB

orientifolds, I. Orbifold limits, hep-th/0506090;

[17] A. Saltman and E. Silverstein, The scaling of the no-scale potential and de Sitter model

building, JHEP 11 (2004) 066 [hep-th/0402135];

A new handle on de Sitter compactifications, hep-th/0411271.

[18] J.-P. Derendinger, C. Kounnas, P.M. Petropoulos and F. Zwirner, Superpotentials in IIA

compactifications with general fluxes, Nucl. Phys. B 715 (2005) 211 [hep-th/0411276];

S. Kachru and A.-K. Kashani-Poor, Moduli potentials in type-IIA compactifications with RR

and ns. flux, JHEP 03 (2005) 066 [hep-th/0411279];

G. Villadoro and F. Zwirner, N = 1 effective potential from dual type-IIA D6/O6 orientifolds

with general fluxes, JHEP 06 (2005) 047 [hep-th/0503169];

O. DeWolfe, A. Giryavets, S. Kachru and W. Taylor, Type IIA moduli stabilization, JHEP 07

(2005) 066 [hep-th/0505160];

T. House and E. Palti, Effective action of (massive) iia on manifolds with SU(3) structure,

Phys. Rev. D 72 (2005) 026004 [hep-th/0505177];
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1983.

[68] P. Candelas and H. Skarke, F-theory, SO(32) and toric geometry, Phys. Lett. B 413 (1997)

63 [hep-th/9706226].

[69] E. Witten, Non-perturbative superpotentials in string theory, Nucl. Phys. B 474 (1996) 343

[hep-th/9604030].

[70] A. Grassi, Divisors on elliptic Calabi-Yau 4-folds and the superpotential in F-theory, I,

alg-geom/9704008.

[71] M.R. Douglas and G.W. Moore, D-branes, quivers and ALE instantons, hep-th/9603167.

[72] S. Kachru and E. Silverstein, 4D conformal theories and strings on orbifolds, Phys. Rev. Lett.

80 (1998) 4855 [hep-th/9802183].

[73] A.E. Lawrence, N. Nekrasov and C. Vafa, On conformal field theories in four dimensions,

Nucl. Phys. B 533 (1998) 199 [hep-th/9803015].

[74] I.R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi-Yau

singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080].

[75] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades

and χSB-resolution of naked singularities, JHEP 08 (2000) 052 [hep-th/0007191].

[76] A. Dymarsky, I.R. Klebanov and N. Seiberg, On the moduli space of the cascading

SU(M+P)×SU(P ) gauge theory, hep-th/0511254.
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